1Neural Computation, vol. 10, No 1.The Canonical Formof Nonlinear Discrete-Time ModelsG�rard DREYFUS and Yizhak IDANESPCI, Laboratoire d�lectronique10, rue Vauquelin, 75005 Paris, Francedreyfus@neurones.espci.frAbstractDiscrete-time models of complex nonlinear processes, whether physical,biological or economical, are usually under the form of systems ofcoupled difference equations. In order to analyze such systems, one ofthe first tasks is that of finding a state-space description of the process,i.e. a set of state variables and the associated state equations. We presenta methodology for finding a set of state variables and a canonicalrepresentation of a class of systems described by a set of recurrentdiscrete-time, time-invariant equations. In the field of neural networks,this is of special importance since the application of standard trainingalgorithms requires the network to be in a canonical form. Severalillustrative examples are presented.1IntroductionBlack-box modeling, whether linear or nonlinear, is a highly valuable engineering tool,whose limitations are well known: the training data is usually corrupted with randomnoise, or with deterministic but unmeasured disturbances, it may not be representative ofthe whole range of operation of the process, etc. The bayesian approach, imposingconstraints on the parameters based on prior knowledge, is one way to circumvent someof these problems; alternatively, when confronted with the task of modeling a complexprocess, one may take advantage of the wealth of knowledge that usually exists on theprocess, or on part of it, under the form of mathematical equations derived from physics(or from chemistry, biology, economy, etc.); these equations may be approximate orincomplete, hence may not meet the accuracy requirements of the application underconsideration, but they are nevertheless useful for describing the deterministic behavior ofthe process. Semi-physical modeling is the approach whereby a first model, usuallycontaining unknown parameters, is designed from prior mathematical knowledge, iscomplemented with "black boxes" wherever necessary, and whereby the unknownparameters are finally determined from measurements as in black-box modeling(Lindskog 1994). This technique has been successfully applied to the modeling of a

2complex industrial process (Ploix et al. 1994, Ploix et al. 1996). One of the problems ofthis approach is the following: the discretized equations of the physical model are a set ofcoupled nonlinear difference equations which are not, in general, in the form of a state-space model. Handling such a model usually requires finding a set of state variables andderiving the corresponding discrete-time state equations.The black-box capabilities of discrete-time recurrent neural nets for modeling dynamicprocesses have been extensively investigated (see for instance Zbikowski et al. 1995); inmost cases, the dynamic models used are input-output models, consisting of afeedforward net whose output is fed back to the input with one or several unit delays.Such an architecture can readily be trained by backpropagation through time. However, inthe case of semi-physical modeling, the equations of physics may suggest much morecomplicated architecture, with feedback within the neural network itself for instance(various such architectures will be considered in the paper). In that case, the alternative isthe following: either derive and implement an ad hoc training algorithm for the specificarchitecture used to solve the specific modeling problem, or put the network into anequivalent canonical form (introduced in Nerrand et al. 1993) which can be trained bybackpropagation through time; in this sense, backpropagation is generic, in that it can beapplied to any neural network, whether recurrent or feedforward, however complex,provided its canonical form has been derived.In the present paper, we show that, given a set of discrete-time, time-invariant differenceequations of the form (1) shown below, it is possible to find automatically a set of statevariables and the corresponding canonical form; the proposed procedure is based on asequence of transformations and simple computations on a graph representation of themodel, reminiscent of the flow graph technique used in linear systems theory (linearcontrol, electronics, ...). In nonlinear modeling, bond-graph techniques (Thoma 1991)have been extensively used for deriving mathematical models from physical equations; theuse of bond graphs may be viewed as a "preprocessing": it may provide a set ofdifference equations which can subsequently be handled as described in this paper inorder to derive an appropriate canonical form.The paper is organized as follows: in section 2, we present the problem in detail andprovide definitions which will be used throughout the paper. Section 3 describes thevarious steps of the derivation of the order of the network, and subsequently of thederivation of a state vector and of the state equations. Section 4 shows typical examplesof the procedure described in section 3. The appendices provide formal proofs and adetailed treatment of the examples.

32Definitions and presentation of the problem2.1 The canonical form of a discrete-time nonlinear modelIt is well known from linear systems theory that a process described by a given transferfunction may be represented by a number of state-space representations, corresponding todifferent sets of state variables. All these state-space representations are strictlyequivalent, but some of them have specific properties which are apt to make them moreuseful or more easily tractable than others; such specific representations are termedcanonical forms (Jordan canonical form, first companion form, etc.).For nonlinear model, the term canonical form does not have a universal meaning. It hasbeen defined for specific families of models, such as S-systems (Voit 1991). In thepresent framework, we consider that a discrete-time model is in a canonical form if it is inthe form z (n+1) = j [ z (n), u (n)] y (n+1) = y[ z (n+1)]where z (n) is the minimal set of n variables necessary for computing completely the stateof the model at time n+1 if the state of the model and its external input vector u (n) (controlinputs, measured disturbances, ...) are known at time n, and y (n) is the output vector.In terms of recurrent neural network architecture, the dynamic part of the canonical formis made of a feedforward network computing function j, whose inputs are the statevariables and external inputs at time n, and whose outputs are the state variables at timen+1. The output at time n+1 is computed from the state variables at time n+1 by afeedforward neural network implementing function y.2.2 Presentation of the problem: from an arbitrary discrete-time model toa canonical formWe consider a discrete-time model consisting of a set of N equations of the form:xi(n+1) = Ψi xj (n - τ ij,k + 1) , ul(n - τ il,k + 1 ,

i, j = 1, ..., N, l = N+1, ..., N+N’, k> 0 (1)

where Yi is an arbitrary function, tij,k is a positive integer denoting the delay of the k-thdelayed value of variable xj used for the computation of xi(n+1), and where ul denotes anexternal input. Relation (1) expresses the fact that the value of variable xi at time n+1 maybe a nonlinear function of (i) all past variables xj (including xi itself) and present variables(excluding xi itself), and (ii) of all external inputs at time n+1 or at previous times. Theseequations are usually complemented by an output (or observation) equation expressingthe relations between the outputs and the state variables of the model.In the context of neural networks, equations (1) may be considered as the description of arecurrent network where xi is the output of neuron i, or the output of a feedforward

4neural network i, and Yi is the activation function of neuron i, or the functionimplemented by the feedforward network i.As a didactic example, consider a process described by the following model :x1 = f1 x1, x2, x3, u

x2 = f2 x1, x3 x3 = f3 x1, x2 y= x3

where f1, f2 and f3 are nonlinear functions. After discretization (by Euler’s method forinstance), these equations have the following form:x1(n+1) = Y1 x1(n), x1(n-1), x2(n-1), x3(n-1), u4(n-1) ,x2(n+1) = Y2 x1(n+1), x3(n+1) ,x3(n+1) = Y3 x3(n), x3(n-1), x1(n-1), x2(n), x2(n-1) (2)

y(n+1) = x_3(n+1) .

Thus, referring to relations (1), one has N = 3, N’ = 1, t11,1 = 1, t11,2 = 2, t12,1 = 2 , t13,1 = 2, t14,1 = 2, t21,1 = 0, t23,1 = 0, t33,1 = 1, t33,2 = 2, t31,1 = 2, t32,1 = 1 , t32,2 = 2.The purpose of the paper is to present a methodology that allows one to transform a set ofdiscrete-time equations of the form (1) into a canonical form as defined in 2.1, i.e. to findthe minimal set of state variables and the corresponding functions j and y (which will,in general, have parameters which are to be estimated from measured data).This transformation is performed in three steps:(i)find the order n of the system, i.e. find the minimum number of variables {zi}which describe completely the model at time n if their initial values are known, andif the values of the external inputs {ul} are known at times 0 to n;(ii)find a state vector, i.e. a set of n state variables,(iii)transform equations (1) into the state equations which govern the state variablesderived in (ii).In the above example, the equations (2) are not in a canonical form; however, a canonicalform is readily derived by substituting the expression of x2(n+1) into the equations givingx1(n+1) and x3(n+1) (or, in the continuous-time model, substituting x2(t) into theexpressions of the second derivatives of x1(t) and x3(t)): the order of the model is 4, andthe state variables are x1(n), x1(n-1), x3(n), x3(n-1) (or x1(t), x3(t) and their firstderivatives). We prove in this paper that, for discrete-time models, these derivations andsubstitutions can be viewed as a sequence of graph transformations which can beperformed on a computer in polynomial time.

53Derivation of a state vector3.1 Graph representation of a dynamic modelWe show in the following that the derivation of a canonical form can be performed by aset of transformations on a graph representation of the recurrent equations (1). We definea finite directed graph G(E,V) consisting of a set of edges E and of a set of vertices V.Each vertex vi represents a variable xi. Adirected edge eij from vertex vj to vertex virepresents a non-zero term on the right-hand side of equation i of the system of equations(1). The length of each edge is the associated delay tij,k: the number of parallel edgesfrom vj to vi is equal to the number of different delays tij,k. A directed edge from vj to viof length t is denoted by eijt (however, for simplicity, the superscript t will be omittedwhenever the context makes it unnecessary); {Ri} denotes the set of outgoing edges fromvertex vi, and the length of the incoming edge to vi of maximal length is denoted by Mi.c(vi) is the number of cycles (i.e. the number of paths that start and end at the samevertex) which include vertex vi; c(eij) is the number of cycles which include edge eij; Ajiis the number of edges eij from vertex vj to vertex vi. Note that the dynamic system iscausal if and only if the graph G(E,V) does not contain any cycle of length zero. Figure1a shows the graph representation of model (2).3.2 Computation of the order of the modelThe first step in the determination of the canonical form of the network consists in findingwhich variables of the model will give rise to state variables, i.e. will appear ascomponents of the state vector z (n) (for instance, in the above example, z (n) = [x1(n), x1(n-1), x3(n), x3(n-1)]T : only x1 and x3 give rise to state variables).Therefore, we want to reduce the initial graph G0 of the model to a simpler graph G1which contains only the vertices that give rise to state variables (vertices v1 and v3 in theabove example), and which has the same number of state variables (but not necessarilythe same state variables) as the model described by G0. From this simplified graph wewill be able to compute the order of the model.

60

1 2 0222122 1 1 2 3

24y(n+1)

(a)2 22 2 1 3(b)FIGURE 1(a) Graph representation G0 of the model described by equations (2); (b) Graph G1. Following standardnotations, the vertices are numbered and the lengths of the edges are written in the squares. Thetransformations of G0 to G1 are described in detail in Appendix 1.The simplifications of graph G0 are based on the following considerations:(i) assume that a model has two state variables zi(n) and zj(n) which are such that zi(n+1)depends on zj(n), but zj(n+1) does not depend zi(n):zi(n+1) = ji [{zm(n), m = 1, ..., n}, {ul(n)}]zj(n+1) = jj [{zk(n), k = 1, ..., n, k „ i}, {ul(n)}] .In terms of graph representation, edge eji is not within a cycle. zj(n) can be substitutedinto zi(n+1) without changing the order of the model. Then zi(n+1) does not dependexplicitly on zj(n), and zj(n+1) does not depend explicitly on zi(n). As a consequence,edges of the graph which are not within cycles are irrelevant for the computation of theorder of the network;

7(ii) assume that a vertex i in G0 represents an equation of the formxi(n+1) = Ψi xj (n + 1) , ul(n - τ il,k + 1 , then this relation is static, thus irrelevant for the determination of the state vector;(iii) assume that one hasxm(n+1) = Ψm xj (n – τ), ul(n - τ ml,k + 1 ,

xj(n+1) = Ψj xi (n – τ’), ul(n - τ jl,k + 1 .

xm depends on the external inputs and on xj only, and xj depends on the external inputsand on xi only; in addition, suppose that no variable other than xm depends on xj; thenvariable xj can be deleted from the model by substitution into xm without changing theorder of the model;(iv) it has been proved (Nerrand et al. 1993) that the order n of the model represented bya graph G1 is given by

ν = ωi_i∑

where∀ νi ∈ G1 ωi = Mi – mineji ∈ Ri Mj – τ ji if Mi – mineji ∈ Ri Mj – τ ji > 0

0 otherwise

Assume that two parallel edges, incoming to vertex vi, exist. Since thecomputationof wiinvolves the length of the incoming edge of maximal length, only the larger delay isrelevant. Now assume that two parallel edges exist, outgoing from vertex vi , withdelaystji1 and t ji2 , t ji1 > t ji2 . Then M j- tji1 < M j- tji2 , so thatmin(Mj- tji) = Mj- t ji 1 . T h u s , when severalparalleledges exist, onlytheedgeof maximalengthis relevantfor thecomputationoftheorderofthemodel.TheseremarksresultinthefollowingprocedurefordetermininggraphG1 fromtheinitialgraph G0 of the model; G denotes the current state of the graph before and/or after theconsidered transformation is performed; the tools necessary for performing thesetransformations, and their time complexity, are described in appendix 1.I.Delete all edges of G0thatdonotbelongtoanycycleG ← G0 - eij c(eij) = 0

and delete all isolated vertices (vertices without incoming outgoing edge) thatmay result.This transformation stems from remark (i) above. Note that none the subsequenttransformations, described in step II, can generate an edge which not belong toa cycle. Therefore there need iterating back to this step once thetransformations have been principle, the presenttransformation is sufficient for the determination of the order. The transformations steps II result in further simplifications of the graph, hence of the computations the information of the graph.We show in Appendix that the present transformation can be performed inpolynomial time.II.Iterate until no change is possible:

II.1Delete vertices whose incoming edges are all of zero and recombine theirincoming and outgoing edges

∀ v^j, e^{ji}_0, e^{kj}_τ | M^j = 0 G ← G - v^j - e^{ji}_0 - e^{kj}_τ + e^{ki}_τ

This transformation stems from remark (ii) above: vertex vj

deleted,andeachpair of edges (

) is replaced by an edge from to with lengthII.2Iterate until no change is possible: if a vertex has one incoming edge only (or oneset

parallelincoming edges only) and one outgoing edge only one set parallel outgoing edges only) delete the vertex; if there is a single incoming and single outgoing edge, mergetheedges into asingle edge whose length thethelengths themerged edges; if there asetparallelincomingedges and a set of parallel outgoing edges, merge each pair one incoming andone outgoing edges into a single edge whose length the merged edges

∀ v^j, e^{ij}_{τ 1}, e^{jk}_{τ 2} | A^{ji} ≥ 1, A^{jl} = 0 ∀ l ≠ i, A^{kj} ≥ 1, A^{lj} = 0 ∀ l ≠ k,

G ← G - v^j - e^{ij}_{τ 1} - e^{jk}_{τ 2} + e^{ik}_{τ 1 +τ 2}

This transformation stems from remark (iii) above.II.3Iterate until no change is possible: if several parallel edges between verticesexist, delete all but the edge of maximum length.

∀ v^j, e^{ij}_{τ 1}, e^{ij}_{τ 2} G ← G - e^{ij}_{min(τ 1, τ 2)}

This transformation stems from remark (iv) above:

each pair paralleledges, the edge of minimum length is deleted, until only one edge remains.When further change possible, the resulting graph G1 maybeanon-connectedg r a p h . ThestateequationsofthemodeldescribedbygraphG1areoftheform:

z^1(n) ≡ x^1(n) = ψ^1 z^{j∈P1}(n–1) z^2(n) = z^1(n–1) ... z^{ω1}(n) = z^{ω1–1}(n–1) zω^{1+1}(n) = ψ^2 z^{j∈P2}(n–1) ... z^{ω1+ω2}(n) = z^{ω1+ω2–1}(n–1) ... z^{ν–ωNV+1}(n) = y^{NV} z^{j∈PNV}(n–1) ... z (n) = z (n–1)

where N

is the number of vertices in G and is the set of edges incoming to vertex

Figure shows the graph G1 derivedfromthegraph G0

Figure 1a. Following theabove procedure, edge 142 is deleted, and the output edge from vertex 3 deleted,sincetheydonotbelongtoanycycle;then,vertex2isdeletedsinceallitsincomingedges havezero length, edge and two edges e31 2and e311 aregenerated;finally, paralleledgesaredeletediterativelyuntilonlyedgesofmaximumlengthareleft.Theorderofthemodelis easily derived: one has M1 = 2, M3 = 2, w1 = 2, w3 = 2, hence n = 4.3.3Determination of a state vectorThe order of the model having been computed as shown above, we are looking for a statevector

), of dimension

, such that

+1) =( n ),

)], of the form:( n ) = [x 1 ( n - k 1 ) ... x 1 ( n -k1 - w 1 +1) x 2 ( n - k2 ) ...x 2 ( n - k2 - w 2 +1) ... x N V ( n - k N V - w N V + 1 ) ]

where

and w are non-negative integers. w is the number of occurrences of the variablexi in thestatew i = 0, thenthevariablexi themodel notastatevariable,andthecorresponding ki irrelevant;otherwise, ki denotes the lag

the most recentoccurrence variable xi in the state vector

( n ). Thewi ’ s mustcomplywiththefollowingconstraint:Siw i =

In the canonical form, the lag between successive state variables represented thesame vertex equal to one. Note that several equivalent canonical representations exist:the

’s may be different from the

’s, the only constraint being that the sum

thewi ’ s mustbeequaltotheordernThus, one must find a set of 2N V integers {ki, w i}.order tothis,first derivegraph, termed"graphtimeconstraints", which accountsthetimeconstraintsthatexistbetweenthestatevariables.Wesubsequentlyderivethestatevectoritself.Determination of the graph of time constraintsThe graph

time constraints G2

derivedfromthemodelgraph G0 deletingallverticesandedges which arenotsignificantwithrespecttothetimeconstraintsthathestatevariablesmustsatisfy. ThemaindifferencebetweenG2 andG1 thefactinordertotakethetimeconstraintsintoaccount,edgeswhicharenotwithincycles(thusarenotrelevanttothedetermination

thenumberstate variables), but which

relation between cycles, should be kept because they are relevant to the choice

thestatevariables.I . InitializeG to G0. Iterateuntilnochangeispossible:I . 1 Deleteallverticeswhose incomingedges areall zeroandrecombinetheirincomingandoutgoingedges

∀ v^j, e^{ji}_0, e^{kj}_τ | M^j = 0 G ← G - v^j - e^{ji}_0 - e^{kj}_τ + e^{ki}_τ

I.2Iterate until no change is possible: if a vertex has one incoming edge only (or oneset parallel incoming edges only) and one outgoing edge only one set

parallel outgoing edges only) delete the vertex and merge the edges into a singleedge whose length is the sum of the lengths of the merged edges

∀ v^j, e^{ij}_{τ 1}, e^{jk}_{τ 2} | A^{ji} ≥ 1, A^{jl} = 0 ∀ l ≠ i, A^{kj} ≥ 1, A^{lj} = 0 ∀ l ≠ k,

G ← G - v^j - e^{ij}_{τ 1} - e^{jk}_{τ 2} + e^{ik}_{τ 1 +τ 2}

I.3Iterate until no change is possible: if several parallel edges between verticesexist, delete all but the edge of maximum length.

∀ v^j, e^{ij}_{τ 1}, e^{ij}_{τ 2} G ← G - e^{ij}_{min(τ 1, τ 2)}

II.Delete all edges that do not have both vertices belonging to at least one cycle:

∀ e^{ij} ∈ G | c(v^i) = 0, c(v^j) = 0, G ← G - e^{ij}

The reason doing this the following:

are interested in time constraintsbetween state variables only, and know that state variables arise only fromvertices which are within cycles.The variables of the model which are represented by the vertices of the resulting graph G

are the state variables; thus, two integers

and

‡ 0,

> 0) areassociatedtoeachvertexvi;thecomputation thisset integers thefinalstep thedetermination thestatevector.

FIGURE 2(a) The dependence of state variable x

(represented by vertex v

) on state variable x

(represented by vertex

) due to the edge

; (b) the striped zones represent the time spans of the variables

(a) andDetermination of the state vectorWe denote by NEthenumberofedgesinthegraphoftime

Consider anedgeji ofG2oflengthtji(Figure2a):fromtheverydefinitionofthestatevector,andfromtheconstruction thegraph timeitmustbepossible tocomputexj ( n - kj + 1 ) fromoneofthestatevariables,arisingfromvertexvi , which are available at vertex vj attimen-kj+1; thesevariablesmusthavebeencomputedatvertexvi attimen-kj + 1 - t j i

Therefore, the following relations must hold if tji„ 0:n - ki - wi + 1 + tji £ n - kj + 1 £ n - ki + tjior equivalently

k^j - w^i + τ^{ji} ≤ k^i ≤ k^j + τ^{ji} - 1 (3)

Hence, a set of 2NE such inequalities with 2NV integer variables must be satisfied.

Thus, the problem of finding the state variables and the state equations amenable to thefollowing linear optimization problem in integer numbers: find the set integers {wi

suchthatSi w i minimum(sincethestaterepresentation

thesmallest set variablesthat describe the model), under the set of constraints expressed the inequalities (3).

addition, the value of the minimum is known to be equal to n, whose value

derived shown in section 3.2.Note that there is a trivial solution to the set of inequalities (3): k

=0,w i = maxj t ji . ThissolutionvalidifSi w i = n. Otherwise, a solution that satisfies all constraints can be

linear optimization methods, the simplex (Dantzig 1963). Theminimized objective function is Siwi andatleastonesolutionwithS i w i = n

known toexist. We prove in Appendix 3 that the algorithm (Kuenzi et al. 1971, Press et al.

converges to a solution with integer values, which precisely what

Thesolution may not be unique.Once the pairs {

, w} have been determined, the canonicalnetwork canbeconstructed.Notethattheeffectofmergingparalleledgesintoamaximaldelayedge,instepI.3 thederivationG 2 , eliminatespossible singular inwhich moreinequalitiescannotbesimultaneouslysatisfied:considertwoparalleledgesofdelaystji, 1tji,2; then two equations (2) should be satisfied simultaneously:

k^j - w^i + τ^{ji,1} ≤ k^i ≤ k^j + τ^{ji,1} - 1 and k^j - w^i + τ^{ji,2} ≤ k^i ≤ k^j + τ^{ji,2} - 1

t j i , 1 - t ji , 2 > w i -, this

impossible; therefore, vertex v

will be duplicated in thecanonical form. The choice assigning the largest delay to merged parallel edgesguarantees the feasibility of the canonical form.

ExamplesThe following examples illustrate the application of the proposed method.4.1The didactic exampleWe derived from Figure 1 the order the model described equations (2). The graph time constraints G2

identicaltoG1 . Running thesimplexalgorithminthiscase useless:fromsymmetryconsiderations,andknowingthattheorderis4,itisclearthatthestatevectoris(n) = [x1(n) x1(n-1) x3(n) x3(n-1)]T. From the definition of thecanonicalform, thestatevariablesandtheexternalinputs aretheinputs itsfeedforward part;therefore, in order to find this feedforward part, thevariablesare"backtracked"fromtheoutputs totheinputs (Figure 3):thefeedforward part thecanonicalformcomputesx1

n+1) from the external output and from thecomponents(n);

seefromG0 thatx1 ( n +1)

computedfromx1 ( n -1), x 1 ( n ), x3 ( n -1), x2 ( n - 1 ) ,

-1); thefirst threequantitiesarestatevariables,sothatadirectconnectionismadebetweentheseinputs andvertex1;u4(n-1)willbeaninputofthefeedforwardpartofthecanonicalform;x2 ( n -1)

not present in the input, so that vertex added; it computes x2 ( n -1) fromx3 ( n -1) and

-1),which are state variables; thus connectionsaremadefromtheseinputs tovertex2,whichcompletesthispartofthegraph;thepart thegraph which computes issimilarlyderived,requiringthereplicationofvertex2becauseofthe paralleledgesbetweenvertices andinG0 . The presence

intermediate graphically the fact that the initial model can be put into a canonical form simplysubstituting x2 intothe x 1 andx3 . Notethathisnetworksharedweights:theweightstheinputs2. Thecanonicalformtheequationsthemodelis:^{z1(n+1) ≡ x1(n+1) = ψ 1 z1(n), z2(n), ψ 2 z2(n), z4(n) , z4(n), u4(n–1)z2(n+1) = z1(n)}

z^3(n+1) = ψ^3 ψ^2 z^1(n), z^3(n) , ψ^2 z^2(n), z^4(n) , z^2(n), z^3(n), z^4(n) z^4(n+1) = z^3(n)

FIGURE 3The canonical form of the model described by equations (2). D stands for unit delays.

4.2An example where the trivial solution is validWe consider now the model whose graph G0

shown

Figure 4a. It madecascaded parts.

and are shown on Figures 4b and 4c.Clearly, the input edges16

37 and the output edge fromvertex arenotwithincycles;

simplicity, deletethemrightaway. Themathematicaldetails thesubsequenttransformationsaregiveninAppendix2.Thefirststepofthetransformationofthemodelgraph to G1 is the deletion of edge e426, which does not belong to any cycle. Vertex 5 hasoneincomingedge( e543 ) andoneoutgoingedge( e452 ), which canbemergedinto single edge 44

; similarly, vertex 3 has one incoming edge (e32

)andoneoutgoingedge

), which can be merged into asingleedge125 ; intheresultinggraph, vertex only one set of incoming edges ( andoneoutgoingedge( e212 ), which canbemergedinto edges e226 ande227 .

paralleledges are leadingtograph G1 which disconnected withoneself-loop

Theorder ngraph is easily derived:

= 12.The graph of time constraints G2issimilarlyderived:edgese 4 5 2 , e543 , e322 ande133 aredeleted, edges

44 and12arecreated.Thenedges e125 , e124 ande212 aredeletedandedges

22 and22 are generated. Finally, parallel edges areBothedge belong to cycles, thus this edge is kept, resulting in graph. In this case, the trivialsolution ( = max = 0) is valid since S j max tji= n. This solution

definesthe state vector:

z(n) = x^2(n) x^2(n-1) ... x^2(n-6) x^4(n) x^4(n-1) ... x^4(n-4)_T

The corresponding canonical form is shown on Figure 5.Once this form been all the weights, either associated to the connectionsshown, or imbedded in one (or more) feedforward network represented by one more)vertex of the graph, can be estimated training with algorithms backpropagationthrough time for computing the gradient of the cost function.4.3An example where the trivial solution is not validNow the output the previous model fed back to one its inputs with zero

Thus, the only difference between the network described in figure and the networkdescribed in figure 6a is the addition of edge e350.Sinceallverticesbelongtoatleastonecycle,nographsimplificationispossible:G1andG2areidenticaltotheoriginalgraph.The order

= 14, where:

ω^1 = 4 – min^{e21}(2–2) = 4 ; ω^2 = 2 – min^{e32, e42}(2–2, 6–6) = 2 ; ω^3 = 2 – min^{e13}(4–3) = 1 ω^4 = 6 – min^{e54}(3–3) = 6 ; ω^5 = 3 – min^{e35, e45}(2–0, 6–2) = 1

The trivial solution, which leads to a model of order 16, is thus not valid.

Simplex optimization gives k1 = 4, w 1 = 1; k2 = 3, w 2 = 5; k3 = 6, w 3 = 1; k4 = 2, w 4 = 2;k

˚= 1; w

= 5; the state vector is

z(n) = x^1(n-4) x^2(n-3) x^2(n-4) ... x^2(n-7) x^3(n-6) x^4(n-2) x^4(n-3) x^5(n-1) ... x^5(n-5)_T .

The canonical form is shown on Figure 6b.

FIGURE 4Left column, from top to bottom: graph G after step I; graph G after the first iteration of step II.2; graph

after the second iteration of step II.2; graph

(after step II.3).Right column, from top to bottom :graph G after step I.1; graph G after the first iteration of step I.2;graph after the second iteration of step I.2; graph

(after step I.3). Details of the transformations aregiven in Appendix 2

FIGURE 5Canonical form of the model shown on Figure 4.4.4An example with replicated vertices and shared weightsAs a final example,

consider a model whose canonical form makes extensive duplicated vertices and shared weights.

graph representation shown

Figure 7a.In order to compute the order of this model, we derive the graph G

of figure 7b.Theorderofthenetwork

(w1= 1, w2 = 2, w3 = 1, w5 =

butthetrivialsolutionfromthegraph timeconstraintsshown infigure7cgives asolution order

( w 1 = w2 = w3 = w5 = 2), which

notoptimal.Note during thegraphsimplification,vertices andhaveparalleloutgoingedges andcorrespondingconstraintsthatcannotbesimultaneouslysatisfied;thus,theseverticesarereplicated,andso aretheweights corresponding totheirinputs andoutputs. Theseedges are530

ande532forvertex3(oncevertex4iseliminated)ande210ande212forvertex1.Thesolution

thesimplexmethodis:k1 = 2, w1 = 1;k2 = 1, w2 = 2;k3 = 1 , w3 = 1; k 5 = 0; w 5 = 2.The canonical form of this network is shown on figure 8. It exactlythecanonicalformthatwasderived"manually"inapreviouspaper[Nerrandetal.].

(a)FIGURE 6(a) Graph of the model of Figure 4, with feedback; G

and G are identical to G

(see Appendix 2); (b)canonical form; for clarity, all the recurrent connections are not shown.(a) (c)FIGURE 7(a) Graph representation G

of a model, with parallel edges; (b) graph G

; (c) graph G

ConclusionsThis work was motivated by the present interest in semi-physical modeling, be it "neural"or not. It is clear that black-box modeling is wasteful of information when complexsystems, arise in the industry instance, are

Theimportance canonical models been recognized long ago in the field linear automatic control; in nonlinear modeling, the problem finding a canonical formfor a model described by an arbitrary set of coupled nonlinear equations is also important,but it much more difficult; in addition, neural aremodeling,putting the network into a canonical form mandatory simplicity implementation the training algorithms. We have a general procedure finding thecanonical form a model described a set coupled nonlinear discrete-time

Knowledge-based neural modeling, which in building a neural netcomplying with the equations of the complementing it black taking intoaccount the part of the dynamics which is not modeled by the initial set andsubsequently training the network from measured data in order to estimate the unknownparameters, been successfully complex industrial applications (Ploix et al.1994, Ploix et al. 1996). The present work is a step making the first part thistask (deriving a neural network from the equations of the model and putting it in canonicalform before training) fully automatic.Acknowledgements : the authors are grateful to Brigitte QUENET

her criticalreading of the manuscript.

FIGURE 8Canonical form of the model of Figure 7. Details of the transformations are given in appendix 2.

APPENDIX 1

thisdescribe the computational tools that are necessary the graphtransformations, and we show that the latter have polynomial complexity.The basic tool is the adjacency matrix A of a graph G. Element AijofmatrixA

equaltothe number of edges from vertex i to vertex j.Thediagonaltermsofthematrixdenotethenumber of self-loops (cycles of length 1).WeconsidertheadjacencymatrixA0 of graph G0. We define the matrix A1asA1 = sign(A 0 ) : (A 1 ) ij = 1 if (A 0 ) ij > 0, (A 1 ) ij = 0 if (A 0 ) ij = 0.Transformation of graph G0 to graph G1: stepIThe first step in the transformation of G0toG 1

infindinganddeletingalledgesthat notbelongtoanycycle. Therefore, eachedgeji , one tofindwhether pathfromj to i exists in the graph.

this task, the actual length the edges (i.e. the delay associated to each edge) irrelevant: therefore, in the following, consider that all edges graph G have unitlength; the length of a path in the graph is thus equal to the number of edges of the path.We make use of the following result : consider the sequence of matrices {An } defined by

= sign (

‡ 2 = 1 if and only if there exists at least one path from itojinthegraph.This is easily proved by recursion. Consider matrix

A^1_2^{ij} = A^{1 ik} A^{1 kj}

Σ^k

Each path of length 2 from i to j contributes a non-zero term to the right-hand side

theabove relation; hence

A^1_2^{ij}

equal to the number paths length from vertex i

tovertex j. We define

A^2 = sign A^1_2

: a non-zero element (A

denotestheexistence atleastonepathoflength2fromvertexi to vertex jinthegraph.Similarly, we define matrix A whose element (A is equal to 1 if and only ifthere atleastonepathoflengthn from i to j in the graph, and is equal to 0 otherwise. It

easy toshow, before, that matrix An + 1 = s i g n ( A1 A n )

thefollowingproperty

= 1 if and only if there is at least one path of length

Thelongestsimplepath(i.e.paththatcontainsnocycle)inadirectedgraphN verticesis of length. Therefore, in the worst case, the construction

the sequence matrices{An }

terminated= N,

in polynomial time; actually, the sequence willfrequently terminate when

, as shown in the examples below.Finally, consider matrix

A* = sign A^nΣ^{n = 1}

Element (A*)ij

isequalto1ifandonlyifthereisatleastonepathinthegraphfromito jA diagonal element (A*)iiisequalto1ifandonlyifvertexibelongstoatleastonecycle.

To summarize: in step I of the transformation of graph G

to graph G

, consider eachpairof vertices (i, j): if (

„ 0, there is at leastoneedgebetweeniand j; if (A0 ) ij „and(A*)ji = 0, edges ejit aredeleted( ( A0 ) ij settozero);otherwise, edges ejit arekeptin

Transformation of graph G0 to graph G1: stepIIStep II.1 : if a vertex j

all incoming edges length 0, all elements row j andcolumn j of the adjacency matrix AofthecurrentgraphG aresettozero;

eachpairelements (A ij, A j k , j „ k) set to zero, add Ajk to A i k

Step II.2 : consider two adjacent edges eij and ejk ; theyarebothwithinatleastonecycle(otherwise they havebeendeletedattheprevious step);vertexjbelongsexclusively to this cycle

setcycles) if and only if there incoming edge to

from vertices other than k, and no outgoing edge from j to vertices other than i;

onemust have Akj ‡ 1, A lj = 0 for all l „ k, and Aji ‡ 1,

A j l =all „ i: there must beone and only one non-zero off-diagonal element in row j, there must be one and only onenon-zero off-diagonal element in column j, and both Aii andAjj mustbeequaltozero.Elements Akj and A ji are then set to zero, and A ki is increased by A kjA ji

StepII.3 incomputingsign(A) and appropriately updating the length

theconnections.Transformation of graph G0 to graph G

Steps I.1, I.2 and I.3 are formally the same as steps II.1, II.2, II.3 the transformation

thesameinitialgraph:inthetransformationG 0 to

, these steps are performedG 0 deprived theedges which arenotwithin whereas, in the transformation of to they are performed on itself.In step II of the transformation from G0 to G2, one has to find and delete all edges that nothavebothverticesbelongingtoatleastonecycle.Considereachedgeinturn;if( A0 ) i j = 0, there is no edge for consideration; if (

„ 0, and if ( A * ) i i ˚ = ˚ ( A * ) jj = 1, theedgemustbekeptinG2;otherwiseitisdeleted.Keepingtrackoftheedgelengthsduringthesetransformationsisverysimple.ExampleTo illustrate this technique,

consider the model whose graph G0

shown

Figure1 a . Derivation of G1 : step ITheadjacencymatrixofgraphG0is:

A^0 =

2 1 1 0

1 0 2 0

1 1 2 0

1 0 0 0 therefore A^1 = sign A^0 = 1 1 1 0

1 0 1 0

1 1 1 0

1 0 0 0 .

A^1_2 =

3 2 3 0

2 2 2 0

3 2 3 0

1 1 1 0 therefore A^2 = sign A^1_2 = 1 1 1 0

1 1 1 0

1 1 1 0

1 1 1 0 .

A^1 * A^2 =

3 3 3 0

2 2 2 0

3 3 3 0

1 1 1 0 therefore A^3 = sign A^1*A^2 = 1 1 1 0

1 1 1 0

1 1 1 0

1 1 1 0 .

Since A3 is identical to A2 the sequence construction stops at this point.

A* = sign A^nΣ^{n = 1}_2 = 1 1 1 0

1 1 1 0

1 1 1 0

1 1 1 0 ; A*_T = 1 1 1 1

1 1 1 1

1 1 1 1

0 0 0 0

Considering each non-zero element

A 1 , andthecorresponding elementA* T , it

easily seen that all edges belong to at least one cycle, except edge e14 , which

thereforedeleted.Atthisstep,theadjacencymatrixofthecurrentgraphGis:

A = 2 1 1 0

1 0 2 0

1 1 2 0

0 0 0 0 .

Derivation of G1 : step IIII.1: since vertex 2 has two incoming edges, which are both

zeroA 1 2 andA32are set to zero, and edges are generated, resulting ina adjacencymatrix:

A= 2 0 3 0

0 0 0 0

2 0 2 0

0 0 0 0 .

II.2: in this matrix, vertex that the corresponding row and the correspondingcolumn both have one and only one non-zero element. Therefore, no simplification can beperformed at step II.2.II.3: finally, matrix

shows that parallel edges exist self-loops around vertices and3, and for edges e31 and e13. All but the edges of maximal length are deleted.Nofurtheriterationisnecessarytoany

theII;thus, theadjacencymatrixG is:

A= 1 0 1 0

0 0 0 0

1 0 1 0

0 0 0 0 .

Graph G1 is shown on Figure 1b.

Derivation of G

We start with matrix A0

A^0 = 2 1 1 0

1 0 2 0

1 1 2 0

1 0 0 0

Step I.1: vertex 2 is deleted as in step II.1 above, leading to matrix: A= 2 0 3 0

0 0 0 0

2 0 2 0

1 0 0 0 . Step I.2: no transformation.Step I.3: parallel edges are deleted except for the edges of maximal length:

A= 1 0 1 0

0 0 0 0

1 0 1 0

1 0 0 0 .

Step II: edge e41

onlyvertex belongingtoacycle, hencethisedge deleted,leadingtoanadjacencymatrixforG2whichisidenticaltothatofG1

APPENDIX 2This appendix describes the computations

the graph transformations illustrated

Figures 4, 6 and 7.Figure 4It clear inspection that edges e16 and e37 are irrelevant

the determination theorder and the state variables.

order to simplify the overlook theseedges from the considering only vertices to 5; in a computerimplementation of the procedures, these edges are deleted in step the transformationof

to, and they are deleted in step II of the transformation of

toDerivation of G1:stepI

A^0 = 0 1 0 0 0

1 1 1 1 0

1 0 0 0 0

0 0 0 1 1

0 0 0 1 0 ; A^1 = A^0 ; A^2 = 1 1 1 1 0

1 1 1 1 1

0 1 0 0 0

0 0 0 1 1

0 0 0 1 1 ; A^3 = 1 1 1 1 1

1 1 1 1 1

1 1 1 1 0

0 0 0 1 1

0 0 0 1 1

A^4 = 1 1 1 1 1

1 1 1 1 1

1 1 1 1 1

0 0 0 1 1

0 0 0 1 1 ; A^5 = A^4 ; A* = 1 1 1 1 1

1 1 1 1 1

1 1 1 1 1

0 0 0 1 1

0 0 0 1 1 ; A*_T = 1 1 1 0 0

1 1 1 0 0

1 1 1 0 0

1 1 1 1 1

1 1 1 1 1 .

Thus, edge 42isdeleted,hencethecurrentadjacencymatrix:

A= 0 1 0 0 0

1 1 1 0 0

1 0 0 0 0

0 0 0 1 1

0 0 0 1 0

Derivation of G1:stepIIStep II.1: no transformation.Step II.2: row and column have one and only one non-zero, off-diagonal element(A45 and

A54 ) ;samerow andcolumn( A 2 3 andA31 ). Henceedges e45 , e 5 4 , e1 3 and e32 aredeleted,oneedge44 andoneedge12 aregenerated:

A= 0 1 0 0 0

2 1 0 0 0

0 0 0 0 0

0 0 0 2 0

0 0 0 0 0

Row have one and only one non-zero, non-diagonal element, (A12 andA21), hence edges

21 and12 are deleted, and two edges from 2 to 2 are generated:

A= 0 0 0 0 0

0 3 0 0 0

0 0 0 0 0

0 0 0 2 0

0 0 0 0 0

Step II.3: parallel edges are merged, resulting in graph G

DerivationofG2:stepIStep I.1: no transformation.

Step I.2:

above, edges e45 , e 5 4 , e13 ande32 aredeleted,edge44 andedge12 aregenerated: A= 0 1 0 0 0

2 1 0 1 0

0 0 0 0 0

0 0 0 2 0

0 0 0 0 0 ; edges e21

, e12

and e12 are deleted, and edges from2to2aregenerated:

A= 0 0 0 0 0

0 3 0 1 0

0 0 0 0 0

0 0 0 2 0

0 0 0 0 0

Step I.3: parallel edges are merged.Derivation of G2:stepIISince both

edge e42 arewithincycles( A*22 andA*44 arebothnon-zero), thisedge is kept in G

Figure 6

A^0 = 0 1 0 0 0

1 1 1 1 0

1 0 0 0 0

0 0 0 1 1

0 0 1 1 0 ; A^1 = A^0 ; A^2 = 1 1 1 1 0

1 1 1 1 1

0 1 0 0 0

0 0 1 1 1

1 0 0 1 1 ; A^3 =

1 1 1 1 0

1 1 1 1 1

1 1 1 1 0

1 0 1 1 1

0 1 1 1 1

A^4 = 1 1 1 1 1

1 1 1 1 1

1 1 1 1 1

1 1 1 1 1

1 1 1 1 1 ; A* = A^4

All edges belong to at least one cycle, so that no simplification is possible.Figure 7Derivation of G1:stepI

A^0 = 1 2 0 0 0

1 0 1 0 0

0 1 1 1 1

0 0 0 0 1

0 0 0 0 1 ; A^1 =

1 1 0 0 0

1 0 1 0 0

0 1 1 1 1

0 0 0 0 1

0 0 0 0 1 ; A^2 =

1 1 1 0 0

1 1 1 1 1

0 1 1 1 1

0 0 0 0 1

0 0 0 0 1

A^3 = 1 1 1 1 1

1 1 1 1 1

1 1 1 1 1

0 0 0 0 1

0 0 0 0 1 ; A^4 = A^3 ; A* = 1 1 1 1 1

1 1 1 1 1

1 1 1 1 1

0 0 0 0 1

0 0 0 0 1 ; A*_T = 1 1 1 0 0

1 1 1 0 0

1 1 1 0 0

1 1 1 0 0

1 1 1 1 1

Edges43

54 and53are deleted:

A= 1 2 0 0 0

1 0 1 0 0

0 1 1 0 0

0 0 0 0 0

0 0 0 0 1

Derivation of G1:stepIIStep II.1: no transformation.Step II.2: no transformation.

Derivation of G2:stepIStep I.1: no transformation.Step I.2: since row

andcolumn

Ahaveoneandonlyonenon-zerooff-diagonalelement, (A and (A are set to zero, and (A is increased by 1, resulting in:

A= 1 2 0 0 0

1 0 1 0 0

0 1 1 0 2

0 0 0 0 0

0 0 0 0 1

Step I.3: parallel edges e212 ande210 aremergedintoe212 ; paralleledges e530 ande53 are merged to e53

, resulting in

A= 1 1 0 0 0

1 0 1 0 0

0 1 1 0 1

0 0 0 0 0

0 0 0 0 1

Derivation of G2:stepIISince all the relevant diagonal elements of A*arenon-zero,

simplification possible:the above matrix is the adjacency matrix of G2

APPENDIX 3We proved in Section 3.3 that the problem

the determination a state vector amenable to the following linear optimization problem: minimize the cost function subject to the constraints:

w^i > 0 ∀ i, k^j ≥ 0 ∀ j, k^j – k^i – w^i + τ^{ji} ≤ 0 ∀ τ^{ji} k^i – k^j – τ^{ji} + 1 ≤ 0 ∀ τ^{ji}

where all variables

and w are integers, and where the constant terms are integers. Inthisappendix,weprovethatthesimplexalgorithmprovidesanoptimalsolutioninintegernumbers.The general form of a linear optimization problemThe general form of a linear optimization problem with N

variables {xi }

thefollowing:find a vector [

, ...,N which maximizes the cost function

f i

x i

i

N

=

�

1

under the non-negativity (hereinafter termed primary)constraintsx

‡ 0 for all i (A3.1),and a set of C additional (hereinafter termed secondary)constraints

a^{ij} x^j ≤ b^i

Σ^{j = 1}_N (bi ≥ 0) (A3.2)

a^{kj} x^j ≥ b^k

Σ^{j = 1}_N ≥ 0 (A3.3)

a^{lj} x^j = b^l

Σ^{j = 1}_N ≥ 0 (A3.4)

In our problem, all constant terms {

= 1 toareall coefficients {aij , i

= = 1 to} are equal to -1,

+1. It desiredtofindanoptimalsolutionwhereall variables {

} are integers.Wefirstrecallanessentialresultoflinearoptimizationtheory:(i)ifanoptimalvectorexists, andifN < C, i.e. if its dimension

smaller than thenumber of secondary constraints (A3.2) to (A3.4), then there an optimal vector whosecomponents satisfy N out of C constraints as equalities

(ii) if an optimal vector exists, and if N > C, then all

secondary constraints (A3.2) to(A3.4) are satisfied as equalities, and (N-C) primary constraints (A3.1) are also satisfiedas equalities, so that the optimal vector has at least (N-C) components equal to zero.

The simplex algorithm takes advantage this result, searching an optimal vectoramong the vectors that satisfy N out of C secondary constraints as equalities if N < C, that satisfy C secondary constraints and (N

C) primary constraints as equalities if N > C

We are going to prove if the optimization problem a solution, then the simplexalgorithm provides a solution in integer numbers. The proof is organized in two steps;

first prove that if a linear optimization problem is in restricted normal form (to be definedbelow) with integer constant terms and coefficients equal to -1,

+1, and if it solution, then a solution in integer numbers exists and is found by the simplex algorithm.

the second step, show that a general

linear optimization problem with integerconstant terms and coefficients equal to -1,

+1amenable to an equivalent linearoptimization problem in restricted normal form

with integer constant terms andcoefficients equal to -1, 0 or +1. Since we know that the problem the determination the state vector has a solution, we conclude that the simplex algorithm provides a solutionin integer numbers.Linear optimization problem in restricted normal formA linear optimization problem

said to be in restricted normal form if (i) the onlyconstraints are the N non-negativity constraints (A3.1) and C

equality

constraints( A 3 . 4 ) , andif(ii)eachequalityconstrainthasatleastonevariablewhichhasapositivecoefficientandappearsinoneconstraintonly;thesevariables {xi , i

=to C} are called basicvariables, and the other (

) variables {

=+1 to

} are called non-basic variables.TheCequalityconstraintscanbesolved thebasicvariables, hencecanbewrittenintheform:

x^i = b^i + a^{ij} x^j i = 1 to C

Σ^{j = C+1}_N (A3.5)

All basic variables are on the left-hand side of (A3.5), while on non-basic variables are onthe right-hand side. In our problem, all

’s are integers andallaij ’s areequalto-1,

+ 1 . Bysettingallnon-basicvariablestozero,oneobtainsfrom(A3.5) aninitial withatmostC non-zero components (the basic variables) which are equal to the constant termson the right-hand side

(A3.5), and at least (N-C) components equal to zero (the basic variables); this vector satisfies all constraints equalities, but not necessarilyoptimal. We know from the basic result recalled above that an optimal if it exists,is to be found among the vectors that, similarly to the initial have at most zero components and at least (N-C) components equal to zero. Therefore, a candidate vector can be obtained from the initial vector by turning one basic variable into anon-basic variable and one non-basic variable into a basic variable (how this can be donewill be explained below). Assume that the non-basic variable xm

beenturnedinto basicvariable,andthathebasicvariablexn

been turned into a non-basic variable;then the constraints are in a form similar, and equivalent, to (A3.5), where xm n o w

appears the left-hand side onetheand xn appears

theright-handsideofatleastoneoftheequations;bysettingallthenewnon-basicvariablestozero,oneobtainsa candidatevectorwhose componentxn equaltozero, andwhosecomponentxm maybenon-zero;yetanothercandidatevectorcanbederivedfromthepresentcandidatevectorbyperforminganotherexchange, andso on. Thus, theproblem findinganoptimalvectorcanberegarded acombinatorial

Abrute-forceprocedure consist intryingallpossible sequences

exchanges one basicvariable for one non-basic variable and selecting the optimal vector thus found; this wouldinvolve impractical computation

The simplex algorithm a very economicalprocedure which starts from the initial vector defined above, and performs an appropriatesequence of exchanges one non-basic variable one basic variable, maximizing theincrease the cost function at each exchange, until further increase the costfunction is possible; the details the algorithm (Press et al. 1992, Kuenzi et al. 1971),i.e. how the decision is made to exchange a certain non-basic variable a certain basicvariable at each step theare irrelevant the present proof. The onlyimportant point is the following: assume that it desirable, at the first step theto exchange the non-basic variable xm

thebasicvariablexn ; then-thequation of (A3.5) can be solved for

x^n = b^n + a^{nj} x^jΣ^{j = C+1} N ⇒ x^m = – b^n a^{nm} – a^{nj} a^{nm} x^j

Σ^{j = C+1j ≠ m}_{N + xn}^{anm}

Then xm canbesubstitutedintoalltheotherequations

(A3.5), therebymakingxn non-basicvariable.b n aninteger, and equalto+1;therefore, theconstanttermintheexpressionx m anintegerandthecoefficients thenon-basicvariablesareequalto-1,0

+1; similarly,theconstanttermsintheotherconstraintsaftertheexchangex m andxn are

and the coefficients thevariables are equal to -1, 0 or +1. Clearly, the same result true after each exchange theAfter the final exchange, which leads to the optimal combination non-basic and basic variables, the vector which setting the non-basicvariables to zero

N - C components which are equal to zero (the final non-basicvariables) and C components which are integer numbers (the final basic variables),

equalto the constant terms on the right-hand side of the constraints in their final form.Thus, we have proved that, if a linear optimization problem in restricted normal form,if it a solution, if all coefficients the variables are equal to -1,

+1, and if allconstant terms of the constraints are integers, then an optimal solution in integer numberswill be found by the simplex algorithm.General caseIn the case of the determination of the order of a model, we know that an optimal solutionexists, but the problem

not in restricted normal form, so that the above result notdirectly applicable. We prove in the following that the problem nevertheless amenable to an equivalent problem in restricted normal form with coefficients equal to -1,

+1,and with integer constant terms, so that the result of the previous section holds in general.

order to this, one first the inequality constraints (A3.2) and (A3.3) intoequality constraints; this achieved introducing an additional non-negative variableinto each inequality constraint:

a^{ij} x^jΣ^{j = 1} N ≤ b^i, b^i > 0 → a^{ij} x^jΣ^{j = 1} N – y^i = b^i, y^i ≥ 0 (A3.6) a^{kj} x^jΣ^{j = 1} N ≥ b^k ≥ 0 → a^{kj} x^jΣ^{j = 1} N + y^k = b^k, y^k ≥ 0 (A3.7)

Note that the coefficients of the new variables are equal to -1 or +1.The second step the transformation the general form to the restricted normal formconsists in adding a second set additional variables {zi }, which casts (A3.6) and(A3.7)intotheform(A3.5):

z^i = b^i + y^i – a^{ij} x^jΣ^{j = 1} N

z^k = b^k – y^k – a^{kj} x^jΣ^{j = 1} N

This set of equalities defines an optimization problem which in restricted normal form,with integer constant terms and with coefficients equal to -1, 0 or +1. Any solution of thisproblem having all zi ’ s equaltozero

asolution theoriginalproblem;thesimplexalgorithm organizedin athathesolution

allzi ’ s equaltozero.Thereforethesimplexalgorithmasolutiontheoriginalprobleminintegerthecasethedeterminationthestateknow thatasolutionexists.Therefore, the simplex algorithm finds an optimal set of integers {

REFERENCESDantzig, GB (1963), Linear programming and extensions. Princeton University Press.Kuenzi, H . P . , H . G . Tzschach, andC.A Zehnder(1971), Numerical

ofmathematical optimization. Academic PressLindskog P., Algorithms and Tools

System Identification Using Prior Knowledge,Link�ping Studies in Science and Technology, thesis # 456.Nerrand, O., P. Roussel-Ragot, L. Personnaz, G. Dreyfus, and S. Marcos (1993),Neural networks and nonlinear adaptive filtering: unifying concepts and

algorithms,Neural Computation vol. 5, 165-197.Ploix J.L., G. Dreyfus, J.P. Corriou, D. Pascal (1994), From Knowledge-based Modelsto Recurrent an Application to an Industrial Distillation Process, NeuralNetworks and their Applications, J. H�rault ed.Ploix J.L., G. Dreyfus (1996), Knowledge-based Neural Modeling: Principles andIndustrial Applications, Industrial Applications of Neural Networks, F.

P.Gallinari, eds. (World Scientific).Press, W.H., S.A. Teukolsky, W.T. Vetterling, B.P. Flannery (1992), NumericalRecipes in C : the Art of Scientific Computing, Cambridge University Press.Thoma, J.(1991), Simulation by Bond Graphs (Springer).Voit, E.O. (1991), Canonical Nonlinear Modeling (Van Nostrand Reinhold).Zbikowski R., K.J. Hunt,

(1995), Neural Adaptive Control

(WorldScientific).