ARTICLE IN PRESS

Journal of Non-Crystalline Solids xxx (2003) xxx–xxx
www.elsevier.com/locate/jnoncrysol

A machine learning approach to the estimation of the
liquidus temperature of glass-forming oxide blends
Catherine Dreyfus
a

a,*

, Gerard Dreyfus

b

Universit
e Pierre et Marie Curie, Laboratoire PMC, Tour 22, 2
eme Etage, C.P. 77 4, place Jussieu, 75005 Paris cedex 05, France
b 
Ecole Sup
erieure de Physique et de Chimie Industrielles, Laboratoire dÕElectronique 10, rue Vauquelin, 75005 Paris, France
Received 2 July 2002; received in revised form 29 July 2002

Abstract
Many properties of glasses and glass-forming liquids of oxide mixtures vary in a relatively simple and regular way
with the oxide concentrations. In that respect, the liquidus temperature is an exception, which makes its prediction
diﬃcult: the surface to be estimated is fairly complex, so that usual regression methods involve a large number of
adjustable parameters. Neural networks, viewed as parameterized non-linear regression functions, were proved to be
parsimonious: in order to reach the same prediction accuracy, a neural network requires a smaller number of adjustable
parameters than conventional regression techniques such as polynomial regression. We demonstrate this very valuable
property on some examples of oxide mixtures involving up to ﬁve components. In the latter case, we show that neural
networks provide a sizeable improvement over polynomial methods.
 2002 Elsevier Science B.V. All rights reserved.
PACS: 0260; 6470

1. Introduction
Most industrial glasses are blends of oxides, in
which the total number of diﬀerent oxides can be
high. The composition of these blends is a key
factor for many physical properties of the glasses;
the prediction of the latter is a problem of industrial importance. Many oxide glass properties vary
smoothly with composition across a wide range of
concentration; therefore, data obtained from a
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large amount of experimental work, extending
over years, can be used for inferring many physical
properties of glasses from their compositions [1].
Even simple additive equations are found to be
quite successful for several important properties,
such as thermal expansion, density at room temperature, refractive index [2]. Several approximation procedures have been proposed for the
viscosity ([3] and references therein). Among the
properties of glasses, the liquidus temperature is
expected to be the most diﬃcult to predict [2]: although the liquidus temperature depends only on
the composition of the blend, liquidus curves exhibit
sharp minima as well as inﬂexions and maxima
across sections of most systems, so that multiple
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linear regression analysis cannot be expected to be
successful. Yet getting a reliable prediction of the
liquidus temperature would be a worthwhile result:
this temperature is the highest temperature at
which crystals are at equilibrium with the liquid,
and the value of the viscosity at the liquidus temperature is a key factor in the choice of the glass
process to be used. Modeling this industrially important quantity has been the goal of several investigations: in a study of liquidus temperature of
several binary glasses [4], thermodynamic modeling was found to be quite successful, but another
study concluded that empirical models derived
from series of glasses and statistical analysis still
remain the most useful approach, because thermodynamic modeling might require the estimation of thermodynamic parameters that are not
known accurately [5,6]. Yet, as the liquidus temperature exhibits a very strong non-linear behavior, it is diﬃcult to account for it in a large range
of composition, even by high order polynomial
approximations. In order to eliminate the problems that arise near the boundaries, it was suggested to divide the data into diﬀerent regions
[7,8]. As long as the composition was kept
within the same primary phase ﬁeld of the phase
diagram, polynomial relations between the composition and the liquidus temperature could be
derived. Multiple polynomial regression can be
found in several papers in order to predict the
liquidus temperature in usual industrial glasses
with up to 10 diﬀerent oxides [6] and including
some high level waste glasses [9]. The most recently
published approximation [6] includes terms up to
degree four.
In the present paper, we resort to a recently
developed non-linear regression technique, namely, neural networks, in order to model the diagram
of liquidus temperature versus composition, for
blends with up to ﬁve components.
Non-linear regression is nowadays an important part of the engineerÕs toolbox, because of its
numerous applications in data analysis, automatic
classiﬁcation and discrimination, and process
modeling and control. One of the most recent developments in the ﬁeld has been the introduction
of networks of formal or artiﬁcial (as opposed to
natural) neurons, also termed neural networks

[10]. A neural network is a non-linear parameterized function, whose parameters (usually called
weights) are estimated from examples in a process
called training. After training, the neural network
is expected to generalize, i.e. to give an appropriate
response to situations that are not present in the
set of examples from which it is trained.
In this paper, we apply neural networks to the
prediction of the liquidus temperature of glassforming liquids of oxide blends. In the ﬁrst section,
we describe the diﬀerent glass-forming systems
examined in this work. The main deﬁnitions and
properties of neural networks are brieﬂy summarized in Section 2. In Section 3, we describe the
results obtained in the prediction of four glassforming liquids, two ternary blends, one fouroxide blend, and one ﬁve-oxide blend, and we
consider the problem of the size of the training/test
sets. Finally, we compare polynomial models to
neural models.

2. Databases
Numerous liquidus temperature measurements
have been performed over the years, because of the
importance of this parameter in industrial processes. Therefore, useful data are scattered
throughout numerous technical reviews, so that
collecting numerical data is a lengthy, timeconsuming work. In addition, data concerning the
most useful systems are often included into proprietary databases of glass manufacturers, the access to which is not granted. Therefore, we resorted
to the SciGlass database, available commercially
from SciVision Inc. [11], in which a large amount of
experimental data points on glassy systems is
gathered.
As an example of the non-regular variation of
the liquidus temperature with the concentration of
its constituents, the liquidus temperatures versus
the molar concentration in alkali oxide of the binary blend (Li2 O, SiO2 ) is shown in Fig. 1(a). The
complexity of the variation of the liquidus temperature obviously increases with the number of
constituents, as illustrated in Fig. 1(b). Glassforming blends investigated in the present work
feature up to ﬁve constituents; constituents and
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Fig. 1. (a) (Li2 O, SiO2 ): variation of the liquidus temperature with the Li2 O molar concentration () experimental ( ) estimated with
a four-neuron network; bars indicate the 95% conﬁdence interval; (b) 3D representation of the liquids temperature versus molar
concentrations in (K2 O, Al2 O3 , SiO2 ) blend.

composition range are reported in Table 1. Several
glass-forming systems were chosen, the main criterion being the number of data points available.
We restricted our investigation to systems for
which more than 100 data points were available.
Nevertheless, they cover a fairly large range of
concentrations for each species. Only those reported data points for which the constituent concentrations summed to a number between 99% and
100% were selected; therefore, some experimental

temperature points are probably aﬀected by the
presence of some minor constituents with unknown concentration. This was regarded as a
disturbance, expected not to aﬀect grossly the
quality of the prediction. Bibliographical references extracted from SciGlass database are given
in Appendix A. In some cases, experimental errors
on the value of the liquidus temperature are reported; they vary between 1 and 5 K, depending of the reference.
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Table 1
Oxide blends, number of data points, composition range and sum of all constituents
Number of data points

Molar percentage range

Sum of all constituents

Al2 O3 , K2 O, SiO2

384

100

CaO, K2 O, SiO2

155

Na2 O, CaO, Al2 O3 , SiO2

893

Na2 O, CaO, Al2 O3 , MgO, SiO2

309

0:6 < nAl2O3 < 31
0:65 < nK2O < 32
46 < nSiO2 < 96
0:75 < nCaO < 45
2:4 < nK2O < 46
33 < nSiO2 < 86
0 < nNa2O < 52:7
0 < nCaO < 79:5
40 < nAl2O3 < 45:4
5:6 < nSiO2 < 95:74
0:14 < nMgO < 18:1
2:28 < nNa2O < 18:97
0:3 < nCaO < 33
0:06 < nAl2O3 < 11:47
46:12 < nSiO2 < 79:94

3. Neural networks
This section is intended to provide the necessary
background on neural networks in the context of
the present investigation.
3.1. Deﬁnitions
3.1.1. Formal neurons
A formal neuron is a function y whose value
depends on parameters (or weights). The variables
fxn ; n ¼ 1 to N g of the function are the inputs of
the neuron, and the value of the function is called
the output of the neuron. Most frequently, the
non-linear function of a neuron can be split into
two parts:
(i) a weighted sum v of the inputs:
v¼

N
X

wn xn þ w0 ;

ð1Þ

n¼1

where xn is the nth input of the neuron; wn , the
weight (or parameter) related to the nth input
of the neuron; and w0 , an additional parameter
which can be viewed as the weight related to
an additional input variable equal to 1 (this
input is called the bias of the neuron).
(ii) a non-linear function (termed activation function) of this sum.

99.99–100

99.15–100.1

99.07–100.00001

Any bounded, diﬀerentiable function can be
used, but, for reasons that will be developed below, the most frequent activation function is a
sigmoid function such as
y ¼ tanhðvÞ;

ð2Þ

where y is the output of the neuron.
It is useful to note that the output of the neuron
is non-linear with respect to the variables xn and to
the parameters wn . The latter property is of importance, as shown below.
3.1.2. Neural networks
A neural network performs a non-linear function of its inputs, which is a combination of the
functions of its neurons. For reasons that are explained below, the general form of a neural network intended to perform non-linear regression is
the following: the output of the network is a linear
combination of the non-linear functions performed by ÔhiddenÕ neurons, i.e. neurons whose
inputs are the inputs of the network. The output g
of the network is given by

g ¼ p0 þ

M
X

pm ym

m¼1

¼ p0 þ

M
X
m¼1

pm tanh

N
X
n¼1

!
wmn xn þ w0 ;

ð3Þ

ARTICLE IN PRESS
C. Dreyfus, G. Dreyfus / Journal of Non-Crystalline Solids xxx (2003) xxx–xxx

Fig. 2. Schematic representation of a feedforward neural network, or multilayer perceptron, as used in the present paper.

where M is the number of hidden neurons; pm , the
weight of the ÔconnectionÕ between hidden neuron
m and the output; p0 , the weight of the connection
between the bias (network input equal to 1) and
the output neuron; and wmn , the weight of the
connection between input n and neuron m. A
graphical representation of the network is shown
in Fig. 2. Note that the output neuron is a Ôlinear
neuronÕ, whose output is simply a weighted sum of
its inputs, i.e. of the outputs of the hidden neurons;
no non-linearity is involved in this neuron.
Therefore, a neural network without hidden neurons is simply an aﬃne function of the variables.
Such networks are termed feedforward networks, or multilayer perceptrons.

5

respect to their parameters (such as neural networks, as mentioned in Section 3.1.1) is their parsimony: the number of parameters that are
required to obtain a given level of accuracy is linear
with respect to the number of inputs of a neural
network, whereas it varies exponentially with the
number of inputs in the case of approximators that
are linear with respect to their parameters, such as
polynomials [12]. Therefore, the parsimony of
neural networks can essentially be taken advantage
of for models that have more than two inputs; the
larger the number of inputs, the more valuable this
property. Fig. 3 compares the variation of the
number of parameters when the number of hidden
neurons increases, for a given number of variables,
to the variation of the number of parameters involved in a polynomial regression when the degree
of the polynomial increases.
The origin of parsimony can be understood as
follows: consider an approximator that is linear
with respect to its parameters, such as a polynomial. For simplicity, let us consider a third-degree
polynomial with a single variable x : gðxÞ ¼ w0 þ
w1 x þ w2 x2 þ w3 x3 gðxÞ is a linear combination of
four functions (1, x, x2 ; x3 ) which are determined
once and for all; by contrast, the output g of a
neural network, as described by relation (3), is a
linear combination of the outputs of the hidden

3.2. Neural networks are parsimonious universal
approximators
The universal approximation property can be
stated as follows: any suﬃciently regular, bounded
function can be uniformly approximated, to an
arbitrary accuracy, in a given volume of input
space, by a neural network of the type shown in
Fig. 2, or described by relation (3), having a ﬁnite
number of hidden neurons.
Other families of functions can also perform
uniform approximation: polynomials, Fourier series, spline functions, etc. The speciﬁc property of
families of approximators that are non-linear with

Fig. 3. Comparison of the number of parameters versus the
number of inputs for neural and polynomial regression. Hidden
neurons in the neural net: 2 (j), 3 ( ), 4 (N), 6 (.), 8 (r).
Degree of the polynomial regression: 1 (), 2 ( ), 3 (M), 4 (r).
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neurons (the tanh functions), which depend on the
weights of the ﬁrst layer. Thus, instead of combining functions of ﬁxed shapes, one combines
functions whose shapes are adjustable. This provides additional degrees of freedom, which, understandably, allow one to build more complex
functions with the same number of parameters, or
to build functions of comparable complexity with
a smaller number of parameters.
Capitalizing on this property, neural networks
have been extensively applied as non-linear regression tools in a wide variety of areas of engineering: static modeling [13], dynamic modeling
(using recurrent neural networks) [13], automatic
discrimination (e.g. for pattern recognition) [10],
process control [14], etc. To the best of our
knowledge, neural network predictions of liquidus
temperatures of oxide mixtures have not been reported in the literature. Investigations of binary
and ternary molten salts blends [15] and blends of
alkali metal/alkali halide [16] have been published.
3.3. From function approximation to non-linear
regression
Actually, neural networks are essentially never
used for computing a uniform approximation of a
known function. Instead, a ﬁnite set (called the
training set) of NL measurements ypk (k ¼ 1 to NL )
of the quantity of interest yp , and of the corresponding vector of inputs xk , is available. The
measured output is assumed to be the sum of an
unknown function rðxÞ (called the regression
function of the quantity of interest) and of a zeromean noise. If rðxÞ is a non-linear function, neural
networks are excellent candidates for approximating the unknown function rðxÞ, given the
available data. To this end, the parameters of
the network are adjusted through training from
the available examples.
3.4. Neural network training
Training is the procedure whereby the parameters of the network are computed so as to minimize a cost function that takes into account the
modeling errors of the network. Most frequently,
the least squares cost function is used:

J ðwÞ ¼

NL 
X

ypk

2
gk ðwÞ ;

ð4Þ

k¼1

where w is the vector of the weights of the network; ypk , the measured value of the quantity of
interest for example k; and gk ðwÞ, the output of the
model, with weight vector w, for example k. If
perfect modeling is achieved, all the terms of the
sum are equal to zero, so that the cost function
J ðwÞ is equal to zero, which is the minimum value
of the function. Since the measurements are noisy,
perfect modeling is deﬁnitely not desirable, but still
a (non-zero) minimum of the cost function is
sought, such that the mean square error J ðwÞ=NL is
of the order of the variance of the noise.
Since this cost function is not linear with respect
to the weights, the standard least-squares procedure cannot be used for obtaining the optimal
weight vector. Instead, minimization of the cost
function with respect to the weights must be performed through iterative updating of the weights,
according to one of several algorithms that make
use of the gradient of the cost function. An increased complexity of parameter estimation is the
price that one has to pay for taking advantage of
parsimony.
Therefore, each iteration of the minimization
procedure is performed in two steps:
(i) computation of the gradient of the cost function with respect to the weights; this is performed by a computationally economical
algorithm called ÔbackpropagationÕ [10];
(ii) weight updating by a minimization algorithm
such as the Broyden–Fletcher–Goldfarb–
Shanno algorithm or the Levenberg–Marquardt algorithm [17].
Training is terminated when the cost function
no longer decreases signiﬁcantly, indicating that a
minimum of the cost function J ðwLS Þ, corresponding to a weight vector wLS , has been found.
3.5. Performance evaluation and model selection
Performance evaluation is a crucial step in the
design of neural models, for two reasons:
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• the model designer must ﬁnd a tradeoﬀ between
ﬂexibility and generalization ability: if the number of parameters (or, equivalently, of hidden
neurons) is too small, the model is not ﬂexible
enough to learn the data; conversely, if the
number of parameters is too large, the model
ﬁts the noise present in the data, hence gives
poor predictions on data that is not present in
the training set; this phenomenon is known as
overﬁtting;
• since the output of the model is non-linear with
respect to the weights, the cost function is not
quadratic with respect to the weights, hence
does not have a unique minimum; therefore,
the iterative minimization procedure leads to
diﬀerent minima, hence produces diﬀerent models, for diﬀerent initializations of the parameters; therefore, for a given number of hidden
units, a choice must be performed between the
models obtained after minimization.
In the present work, a recently developed model
selection technique, termed local overﬁtting control via leverages was used [18]. It is based on the
computation of the leverage hkk of each example k.
The leverage of an observation is the proportion of
the adjustable parameters of the model that is used
to ﬁt that observation, if the latter belongs to the
training set. The sum of the leverages of the observations is equal to the number of parameters:
the higher the leverage of a given example, the
higher the inﬂuence of that example on the parameters of the model. As a consequence, if an
example that has a large inﬂuence on the parameters of the model is withdrawn from the training
set, and if a new model is trained with the remaining examples, the resulting model will be
substantially diﬀerent from the previous one, and
the prediction error on the example that has been
left out will be large. A good approximation of the
prediction error on example k when it is left out of
the training set is given by
ð kÞ

Rk

¼

Rk
;
1 hkk

ð5Þ

where Rk is the modeling error on example k when
the latter belongs to the training set; hkk , the leð kÞ
verage of example k; and Rk , the prediction error

7

on the example k had the latter been withdrawn
from the training set, and the model been trained
with all other examples. A proof of relation (5),
and details of the computation of the leverages,
can be found in [18] and references therein.
The quantity
vﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
u N h
uX ð kÞ i2
;
ð6Þ
Rk
Ep ¼ t
k¼1

called the leave-one-out score, is known to be an
unbiased estimate of the generalization error of the
model. Hence, Ep is a natural criterion for model
selection: the smaller Ep , the better the generalization ability of the model. Furthermore, conﬁdence intervals on the prediction of the model can
be computed from the leverages.
In addition, a test set, made of examples that
were not used for training, nor for model selection,
was used for estimating the performance of the
model selected by the procedure described above.
The performance was estimated through the
standard prediction error on the test set:
vﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
u NT h
i2
u1 X
ET ¼ t
ypk gk ðwLS Þ ;
N k¼1
where NT is the number of elements in the training
set.
It will be demonstrated in Section 4 that, as
expected, the standard prediction error on the test
set ﬁrst decreases as the number of neurons increases, and starts increasing when the number of
parameters is large enough for overﬁtting to occur.
This is in contrast to the behavior of the standard
prediction
error on the training set, deﬁned as
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Etr ¼ J ðwLS Þ=NL , which decreases as the number
of hidden neurons increases.
3.6. Numerical procedure
All numerical experiments reported below were
performed with the commercial software package
NeuroOne [19]. For each experiment, the set of
available measurements was divided into two sets,
the elements of which were chosen randomly; 80%
of the available data were used as the training set,
whereas the rest of the data was the test set.
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Weights were initialized randomly, with small enough values so that all sigmoids were in their linear
region. For a given dataset and a given number of
hidden neurons, 100 trainings were performed
with diﬀerent weight initializations. The gradient
of the cost function was computed by backpropagation, and the weight updates were performed
with the Levenberg–Marquardt algorithm. The
model having the smallest leave-one-out score (6)
was selected.

4. Results
Neural network regression was performed on
two ternary databases: (Al2 O3 , K2 O, SiO2 ), (CaO,
K2 O, SiO2 ), and on the multiple databases (CaO,
Na2 O, Al2 O3 , SiO2 ) and (Al2 O3 , CaO, Na2 O,
MgO, SiO2 ). The number of data points chosen
respectively for the training set and for the test set
is reported in Table 1. The number of hidden
neurons was varied between 0 and 8, 0 corresponding to a multilinear regression. Inputs were
the molar fractions of each component, except
SiO2 : since the molar fractions sum to 1, there is no
point in taking all of them into account. Thus, the
number of inputs is 2 for ternary blends, and 3 and
4 for the others respectively. The output is the
liquidus temperature. We ﬁrst consider the generalization ability of the neural models thus obtained;
the inﬂuence of the size of the training set on the
accuracy of the regression is subsequently investigated. The last section is devoted to a comparison
between the performances of neural and polynomial regressions.
4.1. Generalization ability of the neural models
Fig. 1(a) shows, as an example, the liquidus
temperature versus concentration obtained with a
model having four hidden neurons in the simple
case of a binary mixture, together with the 95%
conﬁdence intervals, computed as described in
[18]. As expected, the conﬁdence interval increases
in the regions of input space where training data is
scarce.
For more complex mixtures, other representations must be used: Figs. 4–6 are scatter plots that

display the liquidus temperature estimated by the
network, together with the conﬁdence intervals on
the estimation, versus the measured liquidus temperature for one of the ternary, the four-oxide and
the ﬁve-oxide glasses. In all cases, the results, both
on the training set and on the test set, are less and
less scattered as the number of hidden neurons is
increased. Figs. 7–10 show the standard prediction
error on the test set, and the standard prediction
error on the training set, as a function of the
number of parameters, for the four-oxide mixtures
under investigation. As expected, the prediction
error on the training set decreases as the number of
neurons increases, whereas the prediction error on
the test set starts increasing when the number of
parameters becomes too large, indicating the onset
of overﬁtting.
4.2. Size of the training set and generalization
ability
One of the diﬃculties in the liquidus temperature approximation is the number of data points
required to obtain a meaningful regression. In
order to try to assess the required size of the
training dataset in a systematic way, we used the
following procedure: selecting the blend (Al2 O3 ,
K2 O, SiO2 ), whose dataset contains 384 data
points, Fig. 8 shows that the standard prediction
errors on the training set and on the test sets are
similar up to 35 parameters. Let us now divide the
dataset into three parts: removing the data points
belonging to the former test set, the K remaining
points are split into a new training set with 0.8 K
elements and a new test set with 0.2 K elements, so
that one can perform the training process again on
the reduced database. The total test set includes
both the former test set and the new test set. One
can thus compute the standard prediction error of
the training set, the same quantity of the total test
set, and the leave-one-out score. Iterating the
procedure, the (training þ test) set is further
reduced. Fig. 11 shows the standard prediction
errors on the training sets, on the test sets and
the leave-one-out scores. The standard prediction
errors on the training sets are almost constant,
whereas the standard prediction error on the test
set and the leave-one-out score increase regularly
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Fig. 4. Estimated versus measured liquidus temperatures (K2 O, Al2 O3 , SiO2 ) oxide blend: () training set, (j) test set. (a) 0 neuron;
(b) 2 neurons; (c) 4 neurons; (d) 6 neurons; (e) 8 neurons; (f) fourth order polynomial regression.
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Fig. 5. Computed versus measured liquidus temperatures in (Na2 O, CaO, Al2 O3 , SiO2 ) oxide blend: () training set, (j) test set. (a) 0
neuron; (b) 2 neurons; (c) 4 neurons; (d) 6 neurons; (e) 8 neurons; (f) fourth order polynomial regression.
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Fig. 6. Computed versus measured liquidus temperatures in (Al2 O3 , Na2 O, CaO, MgO, SiO2 ) oxide blend: () training set, (j) test set.
(a) 0 neuron; (b) 2 neurons; (c) 4 neurons; (d) 6 neurons; (e) 8 neurons; (f) fourth order polynomial regression.
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Fig. 7. (K2 O, CaO, SiO2 ) blend: standard prediction error
versus number of parameters for the two regression methods.
Neural regression: () training set, (j) test set. Polynomial
regression: (M) training set, (N) test set.

Fig. 9. (Na2 O, CaO, Al2 O3 , SiO2 ) blend: standard prediction
error versus number of parameters for the two regression
methods. Neural regression: () training set, (j) test set.
Polynomial regression: (M) training set, (N) test set.

4.3. Polynomial regression versus neural regression

Fig. 8. (K2 O, Al2 O3 , SiO2 ) blend: standard prediction error
versus number of parameters for the two regression methods.
Neural regression: () training set, (j) test set. Polynomial
regression: (M) training set, (N) test set.

in a similar way and become substantially larger
than the standard prediction error on the training
sets when the number of training points decreases.
Reducing the number of training points, the excess
in standard prediction error of the test set spreads
out over the whole temperature range, showing
that the training set is becoming too small to allow
a reasonable prediction to be performed.

As summarized in the introduction, several
polynomial regression models have been proposed
to approximate the liquidus temperature. The
simplest is a linear approximation scheme, but it
became soon apparent that this approximation
failed because higher order terms had to be involved. The highest order polynomial to be found
in the literature involves expansion of the temperature with respect to the concentrations up to
order four. In such a scheme, and if all the terms of
the polynomial expansion are kept, the number of
parameters increases exponentially with the number of inputs. Thus the number of monomials retained in the model is usually limited, based on
Ôeducated guessesÕ about monomial relevance. 1
We consider here only the general case: we estimate the prediction accuracy of polynomial regression up to order four when all terms are kept
and we compare it to the performance of a neural
network involving the same number of parameters. The scatter plots for polynomial regression
are shown for three-, four- and ﬁve-oxide blends in

1

A statistical test (FisherÕs test) is available for monomial
selection; to the best of our knowledge, they have never been
used for liquidus temperature prediction.
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Fig. 10. (Na2 O, CaO, Al2 O3 , MgO, SiO2 ) blend: standard prediction error versus number of parameters for the two regression
methods. (a) Neural regression: () training set, (j) test set. Polynomial regression: (M) training set, (N) test set. Inset: (b) polynomial
regression.

Fig. 11. (K2 O, Al2 O3 , SiO2 ) blend: seven neurons regression for
a variable size of the training set. Standard prediction error
versus the size of the training set : () training set, () total test
set, (þ) leave-one-out score.

Figs. 4(f), 5(f) and 6(f), respectively. Because the
number of parameters strongly depends on the
number of inputs, the eﬃciencies of the regressions
shown in Fig. 4(f), 5(f) and 6(f) must be compared

respectively to Figs. 4(c), 5(d) and 6(e). In the ﬁrst
case (ternary mixture), the results are essentially
similar (fourth-degree polynomial regression: 15
parameters: Etr ¼ 65, ET ¼ 65; neural regression,
four hidden neurons, 17 parameters: Etr ¼ 50,
ET ¼ 55). Figs. 7 and 8 also report results of
polynomial regression on ternary mixtures: the
performances of polynomial regression are similar
to those of neural regression for both ternary
mixtures. More complex mixtures are shown in
Figs. 9 and 10. Comparing the fourth-degree
polynomial with the seven-neuron model (36 parameters) for the four-oxide blend, one observes
that the Etr and the ET are still very similar, the
neural regression results being only marginally
better. Fig. 10 shows the results for a ﬁve-oxide
blend. For six hidden neurons (32 parameters) and
third order polynomial, one observes that the
neural regression result for Etr is better than the
polynomial regression value. The main diﬀerence
appears in the Eval , which is much higher in the
polynomial regression. It can be seen in the inset of
Fig. 10 that the variance of the performance for
higher order polynomials is even larger.
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5. Conclusion
We have demonstrated the applicability of
neural networks to the prediction of the liquidus
temperature of glass-forming oxide blends, due to
the ability of neural networks to approximate any
non-linear function in a parsimonious fashion.
Ternary, 4-oxide and 5-oxide glass databases were
used. Neural regression eﬃciency is expected to
increase as compared to other methods when the
number of inputs (i.e. the number of components)
increases. Since industrial glasses include usually
much more than three components, we expect
that this application of neural regression methods could be of interest for glass processing
problems.
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